Abstract. We give a sufficient condition in order that an ideal of a real quadratic field F capitulates in the cyclotomic Z 3 -extension of F by using a unit of an intermediate field. Moreover, we give new examples of F 's for which Greenberg's conjecture holds by calculating units of fields of degree 6, 18, 54 and 162.
Introduction
Let p be a prime number, F a totally real number field, F ∞ the cyclotomic Z pextension of F and F n the nth layer of F ∞ /F . Let A n be the p-part of the ideal class group of F n . In [1] , Greenberg showed the following:
Proposition . Assume that only one prime of F lies over p and that this prime is totally ramified in F ∞ /F . Then the following two statements are equivalent.
(1) Every ideal class of A 0 becomes trivial in A n for some n.
(2) The order of A n is bounded as n → ∞.
In this paper, we treat the case that F is a real quadratic field and p = 3. In §2 we give a sufficient condition for (1) by using a unit in F n . In §3 we give a method of finding the above unit.
Theorem
We put ζ 3 n = e 2π √ −1/3 n for a positive integer n. Our main purpose of this section is to prove the following theorem which plays a fundamental role in the next section. Let F * n = F (ζ 3 n+1 ) and F be the imaginary quadratic field contained in F * 0 such that F ∩ Q( √ −3) = Q. Let M be the maximal abelian 3-extension of F * 0 unramified outside 3, X = G(M/F ) and ρ the complex conjugation. We put 
Proof. Let σ be an element of X + with
where ζ is a cubic root of unity. Then we have
Hence we have ζ = 1. This shows
For an ideal A of F , we denote byĀ the ideal class of F which contains A. Let
Then under the assumption that 3 does not split in F/Q we have by Lemma 2.1 the following result. 
Proof of the Theorem. Since η
Hence there exists an element γ of F n with β = γ 1−σ 2 , which shows ηγ
is an abelian 3-extension of F * 0 unramified outside 3 by Lemma 2.3 and since ηγ is not principal in F 0 but principal in F n .
Method of finding η
In this section, we explain how to compute and find a unit η in the theorem. Let E n be the unit group of F n and r = 2 · 3 n − 1. If a basis
n is obtained, without loss of generality, η can be written in the form η = ε e1 1 · · · ε er r with 0 ≤ e i ≤ 2. Therefore, we can decide whether or not such an η exists by examining all the combinations of {e 1 , . . . , e r }. If n = 1, we can obtain fundamental units of F 1 (cf. [3] ) and can use this direct algorithm. But it is hard to obtain a basis of E n /E 3 n for n ≥ 2. So we proceed as follows. For an element ξ of F n , we denote ξ σ i by ξ i . Let C n be the cyclotomic unit group of F n . First we assume that there exists an element ξ ∈ C n such that C n = −1, ξ 0 , . . . , ξ r−1 . Moreover, we assume that the 3-Sylow subgroup (E n /C n ) 3 of E n /C n is cyclic of order 3 n . Under these assumptions, we determine the form of α ∈ E n which satisfies (E n /C n ) 3 = αC n and α 1+σ ∈ E 3 n . From the assumption A 0 = 1, there exists γ ∈ E 0 such that
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Assume that (E n /C n ) 3 = αC n and α 1+σ = β 3 for some β ∈ E n . Since the order of (E n /C n ) 3 is 3 n , we see that α 3 n−1 = γu, β = α e v for some u, v ∈ C n and e ∈ N. Then
We write u = ξ e0 0 · · · ξ er−1 r−1 with e i ∈ Z and substitute this in both sides of the above congruence relation. Since ξ r = ±(ξ 0 · · · ξ r−1 ) −1 , we obtain the following system of simultaneous equations:
Here the congruence is modulo 3 n and e −1 = 0. This equation is easily solved. In fact, if we put x = e r−1 and y = e, then we can represent all e i by x and y. Now, we fix x to be 0 and vary y from 0 to 3 n − 1. If we find that γu is contained in E A Galois generator ξ of C n is hard to find. But we know the cyclotomic unit of Hasse (cf. [2] ) which generates a fairly large subgroup of C n . So, we execute the above procedure by letting ξ to be Hasse's unit. We will be able to find η by this method with some luck.
Examples
where m is a positive square-free integer congruent to 2 modulo 3. There are 207 m's less than 10000 which satisfy |A 0 | = 3. We denote Ker(A 0 −→ A n ) by H n . We used a computer to implement the above method for these F 's and fortunately found η and conclude that H n = 1 for many F's. We show the results of our computation in Table 1 (next page). The proposition in §1 implies that if m ≡ 2(mod 3), |A 0 | = 3, and H n = 1 for some n ≥ 1, then the order of A n is bounded, namely, Greenberg's conjecture is valid for F , and the Iwasawa invariant λ 3 (F ) is zero. A question mark in the table means that we do not know the value. For example, we got |H 1 | = 1 when m = 899 (cf. the remark below). So we searched η ∈ F 2 with the method of §3 but could not find it. We cannot conclude whether |H 2 | is 1 or 3. Next we pursued a calculation in F 3 and found η ∈ F 3 . Therefore |H 3 | = 3 and λ 3 (F ) = 0.
Remark . Since |H 1 | = (E 0 : N F1/F0 (E 1 )), we can obtain the exact value of |H 1 | by computing E 1 (cf. [3] ). We note that |H 1 | = 1 for all m's in Table 1 for which we could not find η ∈ E 1 . 
